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Abstract. Let denote the finite field of order q (a power of a prime p). We study the 
p-adic valuations for zeros of L-functions associated with exponential sums of the following 
family of Laurent polynomials 

f{xi,X2, ■ ■ ■ iXn+l) = aiXn+l{xi + — ) H h anXn+l{Xn + — ) + dn+lXn+l H ^ 

Xl Xji 3^n+l 

where G F*,i = 1,2,- - ,n+L When n = 2, the estimate of the associated exponen- 
tial sum appears in Iwaniec's work, and Adolphson and Sperber gave complex absolute values 
for zeros of the corresponding L-function. Using the decomposition theory of Wan, we de- 
termine the generic Newton polygon (g-adic values of the reciprocal zeros) of the L-function. 
Working on the chain level version of Dwork's trace formula and using Wan's decomposition 
theory, we are able to give an expUcit Hasse polynomial for the generic Newton polygon in low 
dimensions, i.e., n < 3. 

MSC2010 Codes: 11S40, 11T23, 11L07 



1. Introduction 

L-functions have been a powerful tool to investigate exponential sums in number theory. 
To estimate an exponential sum, people are interested in the zeros and poles of the correspond- 
ing L-function. Mathematicians study the number of these zeros and poles, the complex abso- 
lute values, i-adic absolute values of them for primes I ^ p, and p-adic absolute values of them, 
especially for some interesting varieties and exponential sums [6,7, 13-15]. Deligne's theorem 
gives the general information for complex absolute values of the zeros and poles of L-function. 
For /-adic absolute values, it is well-known that ifl^p then all the zeros and poles have l-adic 
absolute value 1. However, for p-adic absolute values, it is still very mysterious [9-12, 19,20], 
especially in higher dimensions. 

In this paper, we consider the following family of Laurent polynomials 

(1.1) ^ ^ ^ 

f{xi,X2, ■ ■ ■ iXn+l) = aiXn+l{xi H ) H |-a„Xn+i(Xn H ) -|- Qn+lXn+l H 

X\ Xji Xji-^-l 
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where Ui g¥* i = 1,2, ■ ■ ■ ,n + l. The exponential sum associated to / is defined to be 



Trkf{xi,...,Xn) 



Xi,...,Xne¥*, 

qti 



where (p is a fixed primitive ^»-th root of unity in the complex numbers and Tr^ denotes the 
trace map from the k-th extended field F^fc to the prime field ¥p. When n = 2, the estimate of 
exponential sum 5^ (/) is vital in analytic number theory. It appears in Iwaniec's work on small 
eigenvalues of the Laplace-Beltrami operator acting on automorphic functions with respect to 
the group To (p). 

To understand the sequence 5'^(/) G Q(Cp) (1 ^ k < cxd) of algebraic integers, we study 
the L-function associated to (/) 

L*(/,T) = exp (^j; 5^ (/)-). 

By the theorem of Adolphson and Sperber [1], the L-function L* (f,T)^~^^" for non- 
degenerate / is a polynomial of degree (n + l)!Vol(A), where A = A(/) is the Newton 
polyhedron of / defined explicitly later. As the origin is an interior point of the Newton poly- 
hedron A, by the theorem of Denef and Loeser [5], we have 

Theorem 1.1. Assume that f is non-degenerate, that is, 

JJ (2ciai + 2c2a2 H h 2c„a„ + a„+i) / 0. 

(C1,C2,-,C„)6{±1}« 

Then, the L-function L* (/, T) associated to the exponential sum (/) is pure of weight n + 1, 
i.e., 

(n+l)!Vol(A(/)) 

L*(/,r)(-i)"= n (i-"^^) 

i=l 

with the complex absolute value \ai\ = 

On the other hand, for each Z-adic absolute value | • |; with prime / / p, the reciprocal 
zeros ai are ^-adic units: \ai\i = 1. So we next study the p-adic slopes of the reciprocal zeros 
of L*(/, T)(^^)" of such a family of exponential sums for the remaining prime p. Whenn = 1, 
such non-degenerate Laurent polynomials / are always ordinary and the Hodge polygon is very 
clear. So, we only consider n > 2. One of our main results in this paper is 

Theorem 1.2. Assume that f of the form (I. I) is non-degenerate. 

(i) The polynomial L*{f, r)(-i)" has degree 2"+\ 

( ii) There exists a non-zero polynomial /ip ( A) (ai , 02 , • • • , fln+i ) £ IFp [ai , 02 , • " " > o,n+i] 
such that if f has coefficients ai, 02, • • • , a„+i G F* verifying /tp(A)(ai, 02, ■ ■ ■ , a„+i) 7^ 0, 
then for each A; = 0, 1, • • • ,n + l, the number of reciprocal zeros of L*{f, T)^~^^" with q-adic 
slope k is 

'n + 1^ 
k 

and for any rational number k ^ {0, 1, n -|- 1}, there is no reciprocal zero of L* [J ,T)^~^^'^ 
with q-adic slope k. 
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We identify a Laurent polynomial / of the form (1.1) with the vector of its coefficients 
a = (ai, 02, • • • , an+i), as they are one-to-one correspondent to each other. Let A1p(A) C A"+^ 
be the open subset consisting all non-degenerate Laurent polynomials with Newton polyhedron 
A, explicitly 

Mp{A) = {ae A"+^ I ai • • • an+i JJ (=t2oi + ±2a2 + • • • + ±2a„ + Qn+i) ^ 0}. 

By Theorem 1.2(ii), we have determined p-adic slopes of all reciprocal zeros of L* (/, T)*^"^)" 
for "almost all" f's in M.p{A) except a Zariski closed subset defined by the polynomial 
hp{A){ai,a2, ■ ■ • , On+i)- The polynomial hp{A) is called a Hasse polynomial of the Newton 
polyhedron A . Next, we try to give an explicit Hasse polynomial. We will see that it is already 
quite complicated to explicitly determine the Hasse polynomial for A = A(/) we consider, 
a priori for more general polyhedrons. For low dimensions, we obtain the following explicit 
formulae of Hasse polynomials of the Newton polyhedron A of the Laurent polynomials / of 
the form (1.1). Working on the chain level version of Dwork's trace formula, we prove 

Theorem 1.3. When n = 2, a Hasse polynomial can be taken to be 

u / \\f \ ■'■ 2v 2u p—l—2u—2v 

hp{A){a,,a,,a,)= ^ (ulvlip ^ 1 - 2u - 2v)\)^''' 

For n = 3, it has already been a bit more complicated than the case n = 2. Using the 
chain level version of Dwork's trace formula, we can easily give the condition when Newton 
polygon and Hodge polygon coincide at the first break point just as we treat in the case n = 2. 
However, to find out when they meet at the second break point with the same method above, 
it needs us to compute the determinant of a matrix of size 33 x 33 whose entries are all poly- 
nomials. In fact, it even requires a while to write down the matrix, let alone to compute the 
determinant. To deal with this problem, we use the boundary decomposition theorem of Wan to 
divide the "characteristic power series" det(/ — TAi (/)) into "interior pieces" and then handle 
them piece by piece. 



Theorem 1.4. When n = 3, a Hasse polynomial can be taken to be 

u rA\/ \ rrl \ \ ^ 2u 2v 2w p—l—2u—2v—2w 

P\ j\ J \; ^ {u\v\w\{p - 1 - 2u - 2v - 2w)\)^ 1234 



0<u+v+w<^ 



where a = (oi, 02, 03, 04) G M.p{A) and T{a) is explicitly presented by Formula (3.5) which 
is essentially the determinant of a 4x4 matrix whose entries are all polynomials. 



The rest of this paper is organized as follows. To make this paper self-contained, we first 
recall some baic concepts and results about L-functions, Newton polygon and Hodge polygon 
of L-functions. Then we review some powerful tools to study L-functions, such as Dwork's 
p-adic method and Wan's decomposition theory. Finally, we use these methods to investigate 
L-functions of the family of Laurent polynomials we consider in (1.1). 
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2. Preliminaries 



2.1. Exponential sums and -L-functions. Let be the finite field of q elements with 
characteristic p. For each positive integer k, let F^^ be the finite extension of ¥q of degree 
k. Let be a fixed primitive p-th root of unity in the complex numbers. For any Laurent 
polynomial f{xi, . . . , x„) G Fq[xi, x^^, . . . , x~^], we form the exponential sum 

xi,...,x„e¥*, 

q"' 

where F*fe denotes the multiplicative group of non-zero elements in ¥^k and Tr^ denotes 
the trace map from F^^ to the prime field Fp. To understand the sequence 5'^(/) G Q(Cp) 
(1 < A; < oo) of algebraic integers, we form the generating function of S'^(/) 

(OO rpk\ 

which is called the L-function of the exponential sum SKf). The study of L*{f, T) has fun- 
damental importance in number theory. For example, it connects with the zeta functions over 
finite fields. Consider 

Uf{¥q) = {xi,...,x„ eF* I /(xi,...,ar„) = 0} 
the affine toric hypersurface defined by a Laurent polynomial 

f{x\, . . . , Xji) G Fq[xi, J • • ■ ) Xji, ]. 

Let ij^Uf{¥qk) denote the number of solutions of / in (F*fc)". Its zeta function is given by 

(oo rpk\ 

It can be easily shown that 

(2.1) g'#t//(F,0 = {q^ - IT + SUxof), 

and we have 

Z{Uf,qT) = Z{G:;^,T)L*{xof,T). 

Thus we see that in order to study the zeta function, it suffices to study the L-function L* {xof, T). 
Also the study of exponential sums and the associated L-functions has important applications 
in analytic number theory, and some applied mathematics such as coding theory, cryptography, 
etc. 

By a theorem of Dwork-Bombieri-Grothendieck, the following generating L-function is 
a rational function: 

.•(/,.,^e.p(g.,;,^).n|il^, 
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where zeros ai {1 < i < di) and poles /3j (1 < j < ^2) are non-zero algebraic integers. 
Equivalently, for each positive integer k, we have the formula 

(2.3) 5^(/) = X;/3j=-5^af. 

j=i i=i 

Thus, our fundamental question about the sums S^f) is reduced to understanding the recipro- 
cal zeros ai {I < i < di) and /3j (1 < j < ^2). 

Without any smoothness condition of /, one does not even know exactly the number di 
of zeros and the number ^2 of poles, although good upper bounds are available, see [3]. On 
the other hand, Deligne's theorem on the Riemann hypothesis [4] gives the following general 
information about the nature of the zeros and poles. For the complex absolute value | • |, it says 

\ai\ = 9"*/^ = q"^/^, mezn [0, 2n], vjezn [0, 2n] 

where Z n [0, 2n] denotes the set of integers in the interval [0, 2n]. Furthermore, each ai (resp. 
each Pj) and its Galois conjugates over Q have the same complex absolute value. For each 
Z-adic absolute value | • |; with prime I ^ p, the Oj and /5j are Z-adic units: 

= \/3j\i = 1. 

For the remaining prime p, Dehgne's integrality theorem implies that 

\ai\p = Q~^% \Pj\p = Q~'', n G Qn [0,n],sj G Qn [0,n], 

where the p-adic absolute value is normalized such that |g|p = 1/g. Strictly speaking, in 
defining the p-adic absolute value, we have tacitly chosen an embedding of the field Q of 
algebraic numbers into an algebraic closure of the p-adic number field Qp. Note that each Ui 
(resp. each and its Galois conjugates over Q may have different jo-adic absolute values. 
The precise version of various types of Riemann hypothesis for the L-function in (2.2) is then 
to determine the important arithmetic invariants {uj, Wj, r^, Sj}. The integer Ui (resp. Vj) is 
called the weight of the algebraic integer ai (resp. /3j). The rational number ri (resp. Sj) is 
called the slope of the algebraic integer ctj (resp. jij) defined with respect to q. Without any 
smoothness condition on /, not much more is known about these weights and the slopes, since 
one does not even know exactly the number di of zeros and the number ^2 of poles. Under a 
suitable smoothness condition, a great deal more is known about the weights {tij, Vj} and the 
slopes {rj, Sj}, see Adolphson-Sperber [1], Denef-Loesser [5] and Wan [16, 18]. 
To investigate the slopes {rj, Sj}, Newton polygon was introduced. 

2.2. Newton polygon and Hodge polygon. Let 

J 

f{xi,...,Xn) ='^ajX^\ Qj 7^0, 

J=l 

be a Laurent polynomial in ¥q[xi,Xi^, . . . , Xn, x~^]. Each Vj = (vij, . . . , Vnj) is a lattice 
point in and the power x'^i means the product x\^^ ■ ■ ■ x"n^ . Let A(/) be the convex closure 
in M*^ generated by the origin and the lattice points Vj {1 < j < J). This is called the Newton 
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polyhedron of /. If (5 is a subset of A(/), we define the restriction of f to S to be the Laurent 
polynomial 



f=i: 



Definition 2.1. The Laurent polynomial / is called non-degenerate if for each closed 
face 8 of A(/) of arbitrary dimension which does not contain the origin, the n partial deriva- 
tives 

dxi ' ' ' ' ' dxn 

has no common zeros with xi - ■ ■ Xn over the algebraic closure of F^. 

Assume now that / is non-degenerate, then the L-function L*{f, r)(~^)" ^ is a polyno- 
mial of degree n\V{f) by a theorem of Adolphson-Sperber [1] proved using p-adic methods, 
where V{f) denotes the volume of A(/). The complex absolute values (or the weights) of 
the nlV{f ) zeros can be determined explicitly by a theorem of Denef-Loeser [5] proved using 
/-adic methods. They depend only on A, not on the specific / and p as long as / is non- 
degenerate with A(/) = A. Hence, the weights have no variation as / and p varies. As 
indicated above, the l-adic absolute values of the zeros are always 1 for each prime I 7^ p. 
Thus, there remains the intriguing question of determining the p-adic absolute values (or the 
slopes) of the zeros. This is the p-adic Riemann hypothesis for the L-function L* (/, T)(~^)" . 
Equivalently, the question is to determine the Newton polygon of the polynomial 

n\V{f) 

L*{f,T)(-'r-' = ^ A{f)T\A{f)eZ[Q. 

The Newton polygon of L*{f, r)(~^)" \ denoted by NP(/), is defined to be the lower convex 
closure in of the following points 

{k,ordqAkif)), k = 0,l,...,nlV{f). 

And a point in {{k, ordqAk{f)) | k = 1,2, . . . , n\V{f) — 1} is called a break point of the 
Newton polygon if the left segment and the right segment have different slopes 

Let A/^(A) be the parameter space of / over Fp with fixed A(/) = A. Let 7Wp(A) be 
the set of non-degenerate / over Fp with fixed A(/) = A. It is a Zariski open smooth affine 
subset of A/'p(A). It is non-empty if p is large enough, say p > n\V{A). Thus Mp{A) is again 
a smooth affine variety defined over Fp. The Grothendieck speciahzation theorem [17] impUes 
that as / varies, the lowest Newton polygon 

GNP{A,p)= inf iVP(/) 
/eMp(A) 

exits and is attained for all / in some Zariski open dense subset of Alp (A). The lowest polygon 
can then be called the generic Newton polygon, denoted by GNP(A,p). 

A general property is that the Newton polygon lies on or above a certain topological or 
combinatorial lower bound, called the Hodge polygon HP(A) which we describe bellow. 

Let A denote the n-dimensional integral polyhedron A(/) in M" containing the origin. 
Let C(A) be the cone in M" generated by A. Then C(A) is the union of all rays emanating 
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from the origin and passing through A. If c is a real number, we define cA = {cx \ x G A}. 
For a point u eW^, the weight lj{u) is defined to be the smallest non-negative real number c 
such that u G cA. If such c does not exist, we define u{u) = oo. 

It is clear that u{u) is finite if and only if u E C(A). lfu& C(A) is not the origin, the 
ray emanating from the origin and passing through u intersects A in a face S of codimension 1 
that does not contain the origin. The choice of the desired 1-codimensional face 5 is in general 
not unique unless the intersection point is in the interior of 5. Let Y17=i ^i-^i = 1 be the 
equation of the hyperplane 6 in M", where the coefficients ei are uniquely determined rational 
numbers not all zero. Then, by standard arguments in Unear programming, one finds that the 
weight function uj{u) can be computed using the formula: 



n 

(2.4) a;('u) = ^ eiU, 

i=l 



where (tti, • • • , ?x„) = u denotes the coordinates of u. 

Let D{S) be the least common denominator of the rational numbers ei(l < i < n). It 
follows from (2.4) that for a lattice point u in C{S), we have 

(2.5) ujiu) G ■^^>o, 

where Z>o denotes the set of non-negative integers. It is easy to show that there are lattice 
points n G C(5) such that the denominator of u{u) is exactly D{6). Let -D(A) be the least 
common multiple of all the D((5)'s: 

D{A) = IcmsBiS), 

where S runs over all the 1-codimensional faces of A which do not contain the origin. Then by 
(2.5), we deduce 

(2.6) (^(Z'^) G ;^Z>o U {oo}. 

The integer D = D{A) is called the denominator of A. It is the smallest positive integer for 
which (2.6) holds. But be careful that there may not have a lattice point u G C(A) such that 
the denominator of ijj{u) is exactly -D(A). 
For an integer k, let 

WA{k) = tt |« G Z" I a;(n) = 

be the number of lattice points in Z" with weight k/ D. This is a finite number for each k. The 
Hodge numbers are defined to be 

HA{k) = X^(-l)' f WA(fc - iD), k G Z>o. 

Hodge number H^lk) is the number of lattice points of weight k/D in a certain fundamen- 
tal domain corresponding to a basis of the p-adic cohomology space used to compute the L- 
function. Thus, H^ik) is a non-negative integer for each k G Z>o. Furthermore, by cohomol- 
ogy theory, 

HA{k) = 0, fork>nD 
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and 



nD 



Y,HA{k) = n\V{A). 



k=0 



Definition 2.2. The Hodge polygon HP(A) of A is defined to be the lower convex 
polygon in with vertices 



That is, the polygon HP(A) is the polygon starting from the origin and has a side of slope k/D 
with horizontal length Hi\{k) for each integer Q < k < nD. For k = 1,2,..., nD — 1, the 
point 



is called a break point of the Hodge polygon if H/s^{k + 1) / 0. 

The lower bound of Adolphson and Sperber [1] says that if / G A^p(A), then NP(/) > 
HP(A) and they have the same endpoint. The Laurent polynomial / is called ordinary if 
NP(/) = HP(A(/)). Combining with the definition of the generic Newton polygon, we deduce 

Proposition 2.1. For every prime p and every f G 7Wp(A), we have the inequalities 



Let 'Hp{A) be the moduli space of those / G A4p{A) such that A(/) = A, / is non- 
degenerate with respect to A and NP(/) =HP(A). In Dwork's terminology, ^p(A) is called 
the Hasse domain of the generic Laurent polynomial / defined over Fp with A(/) contained in 
A, and it is a Zariski-open subset of M-p{A) (possibly empty). Moreover the complement of 
Hp{A) in A4p{A) is an affine variety defined by a polynomial in the variables a-j (coefficients 
of /), called the Hasse polynomial and denoted by hp{A). Very little about Hasse polynomials 
is known. It is very difficult to compute Hasse polynomial in general. In this paper, we study a 
family of Laurent polynomials and determine the Hasse polynomials in low dimensions. 

2.3. Diagonal local theory. A Laurent polynomial / is called diagonal if / has exactly 
n non-constant terms and A = A(/) is n-dimensional (i.e., a simplex). In this case, the L- 
function can be computed expUcitly using Gauss sums. Let 



where 0,Vi, . . . ,Vn are the vertices of an n-dimensional integral simplex A in M". Let its 
vertex matrix be the non-singular n x n matrix 





NP(/) > GNP(A,p) > HP(A). 



n 



(2.7) 




i=i 



M = {Vi,...,Vn) 



where each Vj is written as a column vector. 
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Proposition 2.2. For f in (2.1), f is non-degenerate if and only if p is relatively prime 
to det{M). 

Proof. Note that A(/) has only one face of dimension n — 1 not containing the origin. 
For this face, let yj = ajX^^, We have 

(2.8) = yjMj^''') = E ^j^y^' ^ ^ ^ 

The n partial derivatives . . . , have no common zeros with xi • • • x„ 7^ is equivalent 
to the n linear equations of yj (I < j < n) have no common zeros in (2.8), which is equivalent 
to that j3 is relatively prime to det(M). 

For any other face 5 of dimension m < n — 1, by a orthogonal transformation, we can 
assume 5 is on the hyperplane Xm+i = ... = a;„ = 0, which reduce to the above situation. 

Consider the solutions of the following linear system 

( n \ 



(2.9) M 



= (mod 1), Ti rational, < < 1. 



Let S{A) be the set of solutions r of (2.9). It is easy to see that S{A) is a finite abelian group 
and its order is precisely given by 

|det(M)| =n!F(A). 

Let ^^(A) be the prime to p part of S'(A). It is an abelian subgroup of order equal to the prime 
to p factor of det(M ). In particular, Sp{A) = S{A) if p is relatively prime to det(M) , i.e., / 
is non-degenerate. 

Let m be an integer relatively prime to the order of Sp{A), then multiplication by m 
induces an automorphism of the finite abelian group Sp{A). The map is called the m-map of 
Sp{A) denoted by r {mr}, where 

{mr} = {{mri}, {mrn}) 

and {mri} denotes the fractional part of the real number mri. For each element r G -S'p(A), 
let d{m, r) be the smallest positive integer such that multiplication by m*^^"^'^) acts trivially on 
r, i.e. 

Let Sp{m, d) be the set of r G 'S'(A) such that d{m, r) = d, We have the disjoint m-degree 
decomposition 

Sp{A)= \JSp{m,d). 

d>l 

Let X : F* ^ C* be a multipUcative character and let 

Gk{q) = - E x(«)~'Cp^^"^ (0 < A; < g - 2) 

aeF* 

be the Gauss sums. Then we have 
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Theorem 2.1 ([18]). 



d>lreSp{q,d) \ i=l / 

where r = (ri, . . . , r„). 

The Stickelberger theorem for Gauss sums is 

Theorem 2.2 ([8]). Let < k < q — 2. Let ap{k) be the sum of the p-digits of k in 
its base p expansion. That is, Up{k) = k^ + ki + k2 + ■ ■ ■, k = ko + kip + k2p'^ + . . ., 
< ki < p — 1. Then, 

ord,G,(g) = 

p — I 

By Theorems 2. 1 and 2.2, with a calculation, we have the ordinary criterion for a diagonal 
Laurent polynomial /. 

Theorem 2.3 ([18]). Let dn{p) be the largest invariant factor of Sp{A). Let dn be the 
largest invariant factor of S{ A). Ifp = 1 (mod dn{p)), then the diagonal Laurent polynomial 
in (2.1) is ordinary at p. In particular, ifp = l(mod dn), then the diagonal Laurent polynomial 
in (2.7) is ordinary at p. 

In order to study the (generically) ordinary property of L-functions and determine a Hasse 
polynomial hp{A), we are going to briefly review Dwork's trace formula, Wan's descent theo- 
rem and Wan's decompostion theory for L- function. 

2.4. Dwork's trace formula. Let Qp be the field of p-adic numbers. Let $7 be the 
completion of an algebraic closure of Qp. Let q = p"- for some positive integer a. Denote 
by ord the additive valuation on Q normalized by ord p = 1, and denote by ordg the additive 
valuation on Q normalized by ord^g = 1. Let K denote the unramified extension of Qp in Q 
of degree a. Let ili = Qp{Cp), where (p is a primitive p-th root of unity. Then Jli is the totally 
ramified extension of Qp of degree p — 1. Let Oa be the compositum of Qi and K. Then Oa 
is an unramified extension of J7i of degree a. The residue fields of rings of algebraic integers 
of Ofl and K are both F^, and the residue fields of rings of algebraic integers of Qi and Qp are 
both ¥p. Let tt be a fixed element in r^i satisfying 

EttP , 1 
= 0, ord„7r 



pm y p_i 



Then, tt is a uniformizer of 0.i = Qp(Cp) and we have 

^^1 = Qp(7r). 



The Frobenius automorphism x i-^ of Gal(Fg/Fp) lifts to a generator r of Gal(i^/Qp) such 
that r(7r) = ir.lf ( is a {q — l)-st root of unity in fla, then t{Q = (P. 
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Let E{t) be the Artin-Hasse exponential series: 

OO ,T)^ 

£;(t) = exp(5;— )= n (i-^Y^')/' 

m=0 ^ k>l,{k,p)=l 

where fi{k) is the Mobius function. The last product expansion shows that the power series 
E{t) has p-adic integral coefficients. Thus, we can write 

OO 

E{t) = ^ \mf^-i Am G Zp. 

m=0 

For < m < 2p — 1 (what we need below), more precise information is given by 
(2.10) \m = ordpAm = 0, 0<m<p-l. 



(2.11) Am = — + ordpAm > 0, p < m < 2p - 1. 

m! p{m — p)\ 

The shifted series 

OO 

(2.12) e{t) = E{'Kt) = XmT^"'^^ 

m=0 

is a splitting function in Dwork's terminology. The value 0(1) is a primitive p-th root of unity, 
which will be identified with the p-th root of unit used in our definition of the exponential 
sums as given in the introduction. 
For a Laurent polynomial 

we write / = J2j=i o-jX^^ , Vj G cij G ¥q. Let aj be the Teichmiiller lifting of aj in Jl. 
Thus, we have = aj. Set 

J 

(2.13) F(/,x) = n^M^O 



o-l 



(2.14) Faif,x) = l[F-\f,xP'). 



i=0 

Note that (2.12) implies that F{f, x) and Fa{f, x) are well defined as formal Laurent series in 
xi, • • • ,Xn with coefficients in Qa- 

To describe the growth conditions satisfied by F, write 

F{f,x)=Y,Fr{fX- 
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Then from (2.12) and (2.13), one checks that 

J 

(2.15) Frif) = A,^a;07r"i+-+"^ 

u j=l 

where the outer sum is over all solutions of the hnear system 

J 

(2.16) ^^'^j^' — '"j ^ 0' integral. 



Thus, Fr{f) = if (2.16) has no solutions. Otherwise, (2.15) imphes that 

P 



1 ^ 
ordF,(/)>— inf{^n,}, 



where the inf is taken over all solutions of (2.15). 

For a given point r G M", recall that the weight a;(r) is given by 



u{r) = inf < 



J J 
'^UjlY^ UjVj = r, Uj > 0, Uj G 

j=i j=i 



where the weight a;(r) is defined to be oo if r is not in the cone generated by A and the origin. 
Thus, 

(2.17) ordF,(/) > ^ 



P-I' 

with the obvious convention that Fr{f) = if C(j(r) = oo. Let C(A) be the closed cone 
generated by the origin and A. Let L{A) be the set of lattice points in C(A). That is, 

L(A) = Z'^ n C(A). 

For real numbers b and c with < b < p/{p — 1), define the following two spaces of p-adic 
functions: 

jC{b, c) = { ^ CrX^ I G oidpCr > bco{r) + c} 

reL(A) 

£{b)=[j£{b,c). 

ceK 

one checks from (2.17) that 

F{f,x)eC{^,0), F„(/,x)G£(^^^,0). 
Define an operator on formal Laurent series by 

reL(A) reL(A) 
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It is clear that 

^(/:(6,c))c£(p6,c). 

It follows that the composite operator (f)a = tp"" o Fa{f,x) is an Qa-linear endomorphism of 
the space C{b), where Fa{f, x) denotes the multipUcation map by the power series Fa{f, x). 
Similarly, the operator = r~^V ° F{f^ is a semihnear (r~^-hnear) endomorphsim of the 
space C{b). The operators V'^ and V'l" have well defined traces and Fredholm determinants. 
The Dwork trace formula asserts that for each positive integer k, 

s^/) = (9^= - irTv(^^). 

In terms of L-function, this can be reformulated as follow. 
Theorem 2.4. We have 

n 

i^*(/,r)(-^)"-^=ndet(/-rgV„)(-^)'a). 

i=0 

The L-function is determined by the single determinant det(J — T(j)a). For explicit cal- 
culations, we shall describe the operator in terms of an infinite nuclear matrix. First, one 
checks that <j)\ = (pa- We now describe the matrix form of the operators (pi and (pa with re- 
spect to some orthonormal basis. Fix a choice tt^/^ of D-th root of tt in Q. Define a space of 
functions 

B = {Y^ CrTT'^^''^x' I Cr G ^aij^^'^), ^ as |r| ^ oo}. 

reL(A) 

Then, the monomials x'^ {r G L(A)) form an orthonormal basis of the p-adic Banach 
space B. Furthermore, if 6 > — 1), then C{h) C B. The operator (resp. 4)1) is an Vta- 
linear (resp. r~^-semiUnear ) nuclear endomorphsim of the space B. Let F be the orthonormal 
basis {t^'^'^^'' x"^} reL{A) of ^ written as a column vector. One checks that the operator (pi is 
given by 

<PiV = Ai{fy-'T, 

where Ai (/) is the infinite matrix whose rows are indexed by r and columns are indexed by s. 
That is, 

(2.18) AiU) = {arM)) = (Fp.-.(/)7r'^('^^-"(^)). 
Since (pa = (pl and 4>i is r~^-linear, the operator (pa is given by 

(PaT = (PIT = <PI-^A\'V = AC ■ ■ ■ A\'t = AiAl ■ ■ ■ <"'r. 

Let 

Aa{f) = AiA[.--Al^-\ 

Then, the matrix of <pa under the basis V is Aa{f). We call Ai{f) = (0^,5 (/)) the infinite 
semilinear Frobenius matrix and Aa{f) the infinite linear Frobenius matrix. Dwork's trace 
formula can now be rewritten in terms of the matrix Aa{f) as follows. 

n 

(2.19) L*(/,T)(-i)"" =ndet(/-rgM„(/))(-i)n"). 

i=0 

We are reduced to understanding the single determinant det(/ — TAa{f)). 
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2.5. Nowton polygons of Fredholm determinants and a descent theorem of Wan. 

By (2.17) and (2.18), we obtain the estimate 



(2.20) 



uj(ps — r) + uj(r) — uj(s) , , 
orda,,,(/) > 7^1 



Let ^ G be such that = vr^-^ Then ordp^ = l/D. By the above estimate (2.20), the 
infinite matrix Ai (/) has the block form 



^10 ^^^11 



(2.21) 



Mf) 



Aid <eMii 



V 



eAoi • • • \ 



CA, 



J 



where the block Aij is a finite matrix of W/^ii) rows and WaU) columns whose entries are 
p-adic integers in J7. Now we introduce Wan's descent method to consider the chain level. 



Definition 2.3. Let P{A) defined to be the polygon in with vertices (0,0) and 

(m ^ m \ 

E^A(A:),-^^A;WA(A;)j , m = 0, 1, 2, . . . . 

The block form in (2.5) and the standard determinant expansion of the Fredholm deter- 
minant shows that we have 



Proposition 2.3. The Newton polygon ofdet(I — TAi{f)) computed with respect to p 
lies above the polygon P(A). 

Using the block form (2.5) and the exterior power construction of a semi-linear operator, 
one then gets the following lower bound of Adolphson and Sperber [1] for the Newton polygon 
ofdet(/-r^„(/)). 

Proposition 2.4. The Newton polygon ofdet{I — TAa{f)) computed with respect to q 
lies above the polygon -P(A). 

For the application to L-function, we need to use the hnear Frobenius matrix Aa{f) 
instead of the simpler semi-linear Frobenius matrix Ai{f). In general, the Newton poly- 
gon of det(I — TAa{f)) computed with respect to q is different from the Newton polygon 
of det(/ — TAi (/)) computed with respect to p, even though they have the same lower bound. 
Since the matrix Aa{f) is much more complicated than Ai (/), especially for large a, we would 
like to replace Aa{f) by the simpler matrix Ai{f). This is not possible in general. However, 
if we are only interested in the question whether the Newton polygon of det(/ — TAa(f )) co- 
incides with its lower bound, the following theorem shows that we can descend to the simpler 
det(7-r^i(/)). 
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Theorem 2.5 ([18]). Let A{f) = A. Assume that the L-function L*{f, r)(~^)"~^ is a 
polynomial. Then, NP{f) = HP{A) if and only if the Newton polygon ofdet{I — TAi{f)) co- 
incides with its lower bound -P(A). In this case, the degree of the polynomial L*{f, T)^~^^" 
is exactly n\V{f). 

The theorem of Adolphson-Sperber shows that the polynomial condition of Theorem 2.5 
is satisfied for every non-degenerate / with n-dimensional A(/). 

2.6. Global decomposition theory. In this subsection, we describe the basic facial de- 
composition theorem, star decomposition theorem and boundary decomposition theorem from 

[16] for the Newton polygon. This is enough to investigate the family of Laurent polynomials 
in this paper, for more decomposition theorems and their applications, we refer to [9, 16, 18]. 

Facial decomposition for the Newton polygon. Let / (a:) be a Laurent polynomial over 

Fq such that A(/) = A is n-dimensional. Assume that / is non-degenerate, and 5i, . . . ,5h are 
all the 1-codimensional faces of A which do not contain the origin. Let be the restriction of 
/ to the face 6i. Then, A(/^») = Aj is n-dimensional. Furthermore, since / is non-degenerate, 
it follows that each f^* is also non-degenerate by the definition of non-degenerate. Then we 
have the following facial decomposition theorem. 




Figure 1. Facial decomposition of A 



Theorem 2.6 ([16]). Let f be non-degenerate and let A(/) be n-dimensional. Then f 
is ordinary if and only if each f^^{l < i < h) is ordinary. 

Star decomposition for generic Newton polygon. By the facial decomposition, we 

could assume A(/) has only one face A' of co-dimension 1 which does not contain the origin. 
Let Vi be an integral point on A'. Let di, . . . ,6fibe the face of A' of co-dimension 1 which 
does not contain Vi. For (1 < i < h), v/e denote Aj be the convex polyhedron of Si, Vi and 
the origin. Then we have the (closed) star decomposition: 

Theorem 2.7 ([16]). Let f be non-degenerate and let A(/) be n-dimensional with only 
one face A' of co-dimension 1 not containing the origin. Then f is generically ordinary if each 
f^i(\ < i < h) is generically ordinary. 
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Boundary decomposition for Newton polygon. Let -B(A) be the unique interior de- 
composition of the cone C(A) into a union of disjoint relatively open cones. Its elements are 
the interiors of those closed faces in C(A) which contain the origin. Note that the origin itself 
is the unique element in B{A) of dimension 0. For E G -B(A), denote by ^i(S) the "S" 
piece {tts^rif)) in ^i(/) such that r and s run through the cone S. And let Ai{Yl, /s) be the 
"interior" piece of the Frobenius matrix where /s is the restriction of / to the closure 

of E. The boundary decomposition theorem says 

Theorem 2.8 ([16]). The Newton polygon ofdet{I — tAi{f)) coincides with its lower 
bound P( A) if and only if the Newton polygon ofdet{I — tAi (E, /s)) coincides with its lower 
bound P{A) for all E € B{A). 

3. A family of exponential smns 

Recall the family of Laurent polynomials we consider is defined by 

f{xi,X2, ■ ■ ■ ,Xn+l) = aiXn+l{xi + — ) H |-a„X„+i(Xn + — ) + ttn+lXn+l H — 

X\ Xfi Xji-i-l 

where Oj G IF*, i = 1,2,--- ,n + 1. In this section, we study the (generically) ordinary 
property of /, give p-slopes of all zeros of the polynomial L*(/,r)(-i)" for generic / and 
compute Hasse polynomials of L* (/, T)(~^)" in the low dimension cases. 

3.1. Generic Newton polygon of /. For n = 1, non-degenerate / is always ordinary 
and the non-degenerate property is given in Proposition 3.1. So we assume n > 2. 

The Newton polyhedron of /, A = A(/), has vertices Vb = (0, • • • ,0, 1), Vi = (1, 0, • • • , 0, 1), 

V2 = (-1, 0, • • • , 0, 1), V2n-1 = (0, ■ ■ ■ , 0, 1, 1), V2n = (0, • • • , 0, -1, 1), and V2n+1 = -Vb. 

A has 2'" + 1 faces of codimension 1. Explicitly, they are 

So : Xn+l = 1 

and 

S(ci,C2,- ,c„) : 2ciXi -I- 2C2X2 -\ h 2CnXn - Xn+l = 1 

where (ci, C2, ■ ■ ■ ,Cn) G {1, -1}". For example, vertices Vi, V3, • • • , V2n-i, V2n+i deter- 
mine the face <5(i,i,... ,1), vertices V2, V3, • • ■ , V2n-i,V2n+i determine the face (5(_i 1 ... 1), and 
vertices Vb, Vi, V2, • • • , V2n determine the face Sq. 
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Then we have the denominator 

D = D{A) = 1. 
Denote the restrictions of / to these faces by 



g = fo = aiXn+l{xi + — ) H 1- anXn+l{Xn + —) + ttn+lXn+l 

X\ Xfi 



and 



y^Cci.ca.-.cn) = aixl^Xn+1 + ■■■ + QnX^Xn+l + 



Proposition 3.1. / is non-degenerate if and only if 



Xn+l 



JJ (2ciai + 2c2a2 H h 2cna„ + o„+i) ^ 0. 

(ci,C2,-,C„)e{±l}" 

Proof. We have seen that A has only 6q, 5(ci,c2,--- ,c„)((ci) C2, • ■ ■ > Cn) £ {±1}") faces 
of codimension 1 not containing the origin. For (ci,C2,- • • ,c„) G {±1}", the restrictions 
j"<5(ci ,C2 , ,c„) are diagonal. By Proposition 2.2, a diagonal Laurent polynomial is non-degenerate 
if and only if p is relatively prime to the determinent of its vertex matrix. The vertex matrix of 

y^(ci,C2,-'- ,cn) is 



/ ci 

C2 



(C1,C2,--- ,Cn) 





1 1 



\ 




Cn 



1 -1 



which has absolute determinent 1. Thus / (=1=2. ,cn) are non-degenerate for all primes p. 
For g, we have 



(3.1) 



1,2,--- ,n 



(3.2) 



5o , 1 , , 1 , 
= ai(a;i H ) H h a„(x„ H ) + On+i- 



The system of equations (3.1) has only non-zero solution Xi = ibl,i = l,2,--,n. Then (3.2) 
gives the required condition 

JJ (2ciai + 2c2a2 H h 2cna„ + a„+i) 7^ 0. 

(ci,C2,-,C„)e{±l}" 

For any other face (5 of codimension larger than 1, it must be a face of (^(ci,c2, - ,c„) for 
some (ci,C2, • • • ,c„) € {±1}". But we have seen that /''(<=i.=2. .cn) is non-degenerate as a 
diagonal Laurent polynomial. And hence all the restrictions of /'^(<=i.=2. ^n) to its faces not 
containing the origin are non-degenerate. So we finish the proof of the proposition. 
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Lemma 3.1. The Laurent polynomial f has the same ordinary property as its restriction 
g. That is, f is ordinary if and only if g is ordinary, f is generically ordinary if and only if g is 
generically ordinary, for any prime. 

Proof. We have seen that 5q, 5{c^^c2,- ,c„)) (ci, C2, • • • , Cn) G {±1}", form the facial 
decomposition of A. By Theorem 2.6, f is (generically) ordinary if and only ii g = and 

/ (ci,c2, ,c„) are all (generically) ordinary. While, / (ci.c2> .^n) are all diagonal whose vertex 
matrix have determinant ±1. So by Theorem 2.3, all /^(<=i.<=2> .c„) are ordinary for all primes 
p. And hence, the Laurent polynomial / has the same ordinary property as its restriction g. 



Proposition 3.2. For any prime, g is generically ordinary. So f is generically ordinary 
for all primes. 

Proof. Note that the unique 1-codimensional face of g has an interior point Vb = (0, • • • , 0, 1). 

So we use star decomposition for this face with respect to Vq. Then the restriction of g to each 
part of the decomposition which is diagonal with unit vertex matrix (whose determinant is ±1) 
is ordinary for all primes p. So g is generically ordinary by Theorem 2.7. And hence / is 
generically ordinary by Lemma 3.1. 



In order to study the exponential sum S*{f), by Dwork's p-adic method, we need to 
investigate the slopes of reciprocal zeros and poles, i.e., Newton polygon, of its L-function. By 
Proposition 3.2, the Newton polygon of generic / coincides with the Hodge polygon. So our 
next task is to present the Hodge polygon of A = A(/). As a part of /, we first compute the 
Hodge numbers of g. 

Proposition 3.3. Let A' = A{g). We have 

on 

Vol(A') 



(n + 1)!' 
and 



i=0 

So the Hodge numbers are 

HA'{k)=(^^, k = 0,l,---,n, 

and 

Ha' (k) = 0, forallk>n + l. 



Proof. As in the proof of generically ordinary, decomposite A' into 2" parts (in the 
canonical way such that each part has vertices: the origin and (0, • • • ,0, 1)). It is easy to see 
that each part has volume tAp^ - So 



on 

Vol(A') = — . 

^ ^ (n + 1)! 
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Wa'(j) counts the number of lattice points in the cone C(A') of weight j. From the 
geometry, it is easy to see that 

Wa'U) = #{(.Xl,.X2, • • • G : \xi\ + \X2\ + ■■■ + \Xn\ < j} 

where the second equality follows from that we divide xi,X2, • • • ,Xn into two parts: one part 
consisting of Xi = 0, and the other part consisting of non- zeros where each non-zero Xi has 2 
choices of being negative or positive. 

For A; = 0, 1, • • • , n, by the definition of Hodge numbers, we need to prove the following 
equality 



i,j=0 

Note that 



S'-K"t')(::;) 



is the coefficient of the term x^ "^-^ of the following generating function 

(1 - ^ 



(1 - ■ 



So from 



we have 



And hence. 



i=0 



(1 - • - — = (1 - xy, 



= E-=o(-i)'^+"-^2"-^-(;o(n^.) 



~ \k} 
= il)- 

From the following equality 



(n + l)!Vol(A') = 2" = J2HA'ik), 



k=0 

we have determined the slopes of all the reciprocal zeros of L*{g, T)^^^^" for generic g. So 
for any integer k > n, L*{g, T)^~^^" has no reciprocal zero of slope k, i.e., 

HA'ik) = 0. 

Remark 3.1. Another formula for Wa' (j) is available using the formulae given in [2] 
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Corollary 3.1. Wa' (0) = 1, Wa'{1) = 2n + l, Wa' (2) = 2n'^ + 2n + 1, 
Wa'(3) = + + |n + 1 



Corollary 3.2. ( i) For n = 2, we have 



j 





1 


2 


3 


WA'{j) 


1 


5 


13 


25 


Ha'U) 


1 


2 


1 






( ii) For n = 3, we have 



j 





1 


2 


3 


4 


Wa'U) 


J 


7 


25 


63 


129 


Ha'U) 


1 


3 


3 


1 






Now, we compute the Hodge numbers of /. So, we obtain the generic Newton polygon 
of / and hence one main result of this paper, Theorem 1.2. 

Theorem 3.1. Notations as above. The volume ofA{f) is 

2n+l 



Vol(A) 



(n + 1)! 



And we have 



H^aH = E2-(") 



n — i 



+ 



u - 1 
n — i 



u G Z>o. 



Hence, the Hodge numbers of f are 

HA{k) = 

and 



n + 1 
k 



k = 0,1, - • ■ ,n, 
HA{k) = 0, k>n + l. 



Proof. A(/) has the same bottom as A{g), but twice height as A{g). So the volume of 
A(/)is 

on+l 

VoI(A(f)) = 2VoI(A(g)) = 

Separate the lattice points on the boundary of coA into two disjoint parts: one part on the 
hypersurface = oj and the other part on the hypersurfaces ib2xiib2x2±- • ■=b2x„— x„+i = oj 
with Xn+i < OJ. Translate down the second part oj units, then we get 

Wa{oj)-Wa'{oj)= - : 2|a;i| + 2|x2|+ 

h 2|x„| - x„+i = 2a;, x„+i < 0} 

= #{(xi,--- ,Xn) G IJ" : |xi| + • •• + \Xn\ < OJ - 1} 
_ rfn-i (n\ (uj-l\ 

— Z^i=0^ \i)\n-i)- 
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Together with Proposition 3.3, we obtain 



CO 

n — i 



+ 



uj - 1 
n — i 



, UJ G Z>o. 



Soforfc = 0,1, 



We notice that 

Wa{oo) = W/^^(uj) + Wa'{oj - 1) for all lo G Z>o. 
,n, 

HA{k) = H^'ik) + HA'{k - 1) ■■ 

For A; > n + 1, the same argument as in Proposition 3.3 shows 

HAik) = 0. 

Corollary 3.3. (i) For n = 2,we have 



n + 1 
k 



j 





1 


2 


3 


WaU) 


1 


6 


18 


38 


HaU) 


1 


3 


3 


1 



( ii) For n = S, we have 



j 





1 


2 


3 


4 


WaU) 


1 


8 


32 


88 


192 


HaU) 


1 


4 


6 


4 


1 



The generically ordinary property tells us that / is ordinary on a very large subset of the 
space M-p{A), a Zariski open dense subset. Next, we want to determine the explicit Zariski 
open subset, or equivalently to determine the expUcit Hasse polynomial defining the closed 
complement. It is a fundamental problem in Newton-Hodge theory. 

To compute the Hasse polynomial for a general Laurent polynomial, by Theorem 2.5, we 
work on the chain level P(A). Wehavedet(/-r^i(/)) = Ei^oCi^^ withordp(cj) > P(A,j 
where -P(A, x) is the piecewise linear function describing P(A) by {x, P(A, x)) G i^(A). 

Recall the block form (2.5) of Ai{f), Consider the k-Xh vertex of P(A), {i2i=o WA{i), 
Ef=o iWA{i)). Denote j = Eto ^A(i), we have 

/ ^00 ^01 • • • ^Ofc \ 

^10 ^11 • • • 



\ ^ikO ■ ■ ■ Akk ) 

where Uj are p-adic integers. Thus ordpCj = P(A, j) if and only if 

/ ^00 ^01 • • • ^Ofe \ 



error term 



hp{A,k) := det 



^10 A 



11 



A 



Ik 



\ Ako Aki 



^ mod ^. 



Akk I 
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Hence we see that / is ordinary is equivalent to hp{A, /c) / for each k. Actually we 
need only check k <n, therefore we could take 

n 

hp{A) = llhp{A,k). 

By Lemma 3.1, to compute a Hasse polynomial of A(/), the Newton polyhedron of the 
Laurent polynomials we consider in this paper, is equivalent to computing a Hasse polynomial 
of A{g). So we reduce our problem to only treat 

g = aiXn+l[Xl H J H h anXn+l{Xn H ) + an+lXn+1- 

X\ Xfi 

From the explicit formula of l^A(g) we notice that it will be very difficult to compute 
the Hasse polynomials as n increases. Even it is very hard to figure out when the Newton 
polygon of det{I—TAi (g)) with respect to p coincides with -P(A') on the 3''°' segment of slope 
2, since one has to compute the determinant of a matrix with size (2n^ +4n+3) x (2n^ +4n+3) 
which is aheady 33 x 33 in the case n = 3. 



3.2. The case n = 2. Write 



(3.3) 



f(x, y, z) = azix + -) + hziy + -) + c^; + - 

X y z 



where a, 6, c G F*. We have seen that / is non-degenerate and generically ordinary whenever 
±.2a ± 26 + c / 0. So we always assume / is non-degenerate, i.e. it2a ± 26 + c 7^ 0. 
By the above discuss, to compute a Hasse polynomial of A(/), we consider 

g(x, y, z) = azix + -) + hziy + -) + cz 
X y 

Let A' = A(^). The only face of co-dimension 1 of A' which does not contain the origin is on 

the plane z = 1, thus, we have D' = -D(A') = 1. Also we have computed that Wa'(O) = 1' 
VFa'(1) = 5, Wa'(2) = 13 and Wa'(3) = 25, i?A'(0) = 1' ^^A'(l) = 2, -ffA'(2) = 1 and 
H/^i{k) = 0, VA; > 3. For non-degenerate g, the end points of NP(g') and HP(A') coincide, i.e, 
hp{A', 2) = 1. Also, the origin belongs to A{g), we know that NP{g) passes the point (1,0), 
i.e. hpiA', 0) = 1. Thus, NP(c/) =HP(A') if and only if NP(5) pass the point (3, 2). This is 
equivalent to 



hp{A', 1) = det 



^00 ^01 
^10 An 



detail ^ mod p. 



The first equality is from the trivial calculation that ^00 = 1 and ^10 = (0, . . . , 0)-^. is a 
5 X 5(VFa'(1) ^ ^A'(l)) matrix indexed by the points of weights 1 of the form: 



(0,0,1) 

(1,0,1) 

(0,1,1) 

(-1,0,1) 

(0,-1,1) 



(0,0,1) (1,0,1) (0,1,1) (-1,0,1) (0,-1,1) 

/ * \ 

* * 

* * 

* * 

* * 
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O's in the matrix An are because ps — rof the corresponding element 0^,5 (g) is not in the cone 
C(A') (so the system (2.16) has no solution). 

Recall that Ai (5) = (0^,^(5)) = (Fp5_r(5)7r'^('')-'^(^)), so we have 

detail = p ^F(o,o,p-i)-^(p-i,o,p-i)-f'(o,p-i,p-i)-^(-p+i,o,p-i)-^(o,-p+i,p-i)- 
We then calculate Fr{g) by (2.15): 

P —,1 \2\2\ 2vi2u'p-l-2u-2v 

0<u+v<^ 

P{p-i,o,p-i) =P\-ia^~^, F(o,p-i,p-i) =pAp_i6^'~\ 
F{-p+ifl,p-i) =pAp_ia*'~\ -F(o-p+i,p_i) =pAp_i6^'~\ 

where = ^ for any < m < p — 1. 
Set 



2 



Here, we ignore the trivial factor ab since it has already satisfied in the big space A^p(A). By 
Lemma 3.1, we get 

Theorem 3.2. A Hasse polynomial 0/ A(/) (and A(g') ) can be taken as 

hp{A{f)){a, b, c) = hp{A{g)){a, b, c) = H{a, b, c). 

3.3. The case n = 3. In the previous subsection, we treat the simple case n = 2. 
Now we deal with the case n = 3. Consider the family of non-degenerate Laurent polynomials 
defined by 

f(xi,X2,X3,X4) = aixJxi + — ) + a2xAx2 + — ) + a2,xAx2, + — ) + 04X4 + — 

Xi X2 Xz X4 

where £¥*, i = 1, 2, 3, 4 and ±2ai ± 2a2 =t 203 + 04/0. 

From the discuss above, we have seen that in order to compute the Hasse polynomial of 
A(/), it is sufficient to compute the Hasse polynomial of A (5) where g is of the following 
form 

g(xi,X2, X3, X4) = aiX4(xi + — ) + 02X4(^2 + — ) + a3X4(x3 + — ) + 04x4. 

Xi X2 X3 

And we know that NP(5') and HP(A(5)) agree at the point (1, 0) and the end point (8, 12). So 
we need to check when the Newton polygon NP(5f) has break points (4, 3) and (7, 9). By the 
same reason as in the case n = 2, it is equivalent to deciding when 

hp{A', 1) = det ( J = detail ^ mod p, 
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and 

^00 ^01 ^02 \ 

/ip(A',2) = det I Aio An 



det ( ^^1^0 mod p. 

\ A21 A22 J 



A20 A21 A22 / 
For hp{A' , 1), the same argument we use in the case n = 2 shows that 

(-^4^ h (A' n— \^ \2i,2 5^2x „2u^2^;^2«) »-l-2u-2i;-2u; 

np{IX , ij — Ay^\AyjAp-i-2u-2v-2wO'l 0-2 

0<u+i;+«)<2=i 

For Zip (A', 2), it is already a Uttle complicated to directly write down the matrix of size 
32 X 32 

/ ^11 Ai2 \ 

\ A21 A22 J ' 

But if one does so, he will find there are a lot of O's in the matrix. So this induces us to use the 
boundary decomposition theorem 2.8. 

There is only one face S of codimension 1 in A', who has vertices Vq = (0,0,0, 1), 

Fi = (1, 0, 0, 1), V2 = (-1, 0, 0, 1), Vs = (0, 1, 0, 1), V4 = (0, -1, 0, 1), n = (0, 0, 1, 1), 

Vq = (0, 0, —1, 1). Divide S into disjoint union of relatively open faces 5o of dimension 3, 
di, - ■ ■ ,6s of dimension 2, Jg, • • • ,620 of dimension 1, and vertices (52i = ^1, • ' ' ) <^26 = of 
dimension 0. Then the open cones C{6i),i = 1, 2, • • ,26, and O = (0, 0, 0, 0) form an open 
decomposition of C(A'). 

There are only 2 interior lattice points Vi and 2Vi of weight < 2 in C(5i), for each 
21 < i < 26. Taking Vi as an example, we have g = 01X1X4. One can easily figure out the 
matrix 

(1,0,0,1) (2,0,0,2) (1,0,0,1) (2,0,0,2) 

(1,0,0,1) / aii{5i,gs^) ai2((5i, 5<5i) \ ^ (1,0,0,1) / Xp-ial~^ X2p-ial^~^ 
(2,0,0,2) 1^021 (<5i, 55 J a22{Si,gs,)J (2,0,0,2) ^ A2p-2a?^-' 

which has determinant 

\ \ 3p-3 

Do the same for 21 < i < 26 and by multiplying these results, we obtain the corresponding 
trivial factor of Hasse polynomial which is already satisfied in the space M.p{A) 

010203. 

There is only 1 interior lattice point of weight < 2 in C{5i), i.e., the middle point of Si, for 

each 9 < i < 20. For example, we work on 5g the open segment with end points (2, 0, 0, 2) and 
(0, 2, 0, 2). So the unique interior lattice point of weight < 2 in C{6g) is (1, 1, 0, 2) of weight 
2 and gsg = 01x1x4 + 02X2X4. Hence, the corresponding matrix is 1 x 1. More precisely, it is 

Ap_iai 02 . 

Do the same for other 10 < i < 20 and by multiplying these results, we still obtain the 
corresponding trivial factor of Hasse polynomial 



010203. 



24 



Zhang and Feng, L-func. of cert. exp. sums 



There is no interior lattice point of weight < 2 in C((5i), for 1 <i< 8. 

There are 7 interior lattice points Wo = (0, 0, 0, 2), Wi = (1, 0, 0, 2), W2 = (0, 1, 0, 2), 

W3 = (0, 0, 1, 2), Wi = (-1, 0, 0, 2), W5 = (0, -1, 0, 2), We = (0, 0, -1, 2) of weight < 2 
in C{5o). This is the most difficult part of hp{A', 2). 
Denote 



and 



0<u+v+w<p—l 
u,v,w&Z 



2u2v2w2p-2-2u-2v-2w 
"1 "2 "3 "'4 ' 



hi{ai ,02,03,04):— ^ ^ AuAp_i+u'^u'^^'^p-l-2u-2?;-2tu' 

0<u+i;+«)< 2=i 



p-l+2« 2t;„2iu »-1-2u-2j;-2u) 
O^ "2 "3 '^4 5 



,02,03,04):— ^ ] AuAi_)_uAi,Ap-|_^A^Ap_3_2u-2'y-2t«' 



0<u+v+w<^ 



„l+2u v+2v 2w v-3-2u-2v-2w 

1 2 S 4 ' 

/l3(ai, 02, 03, 04) := ^ AuAp+l+uA^A^Ap_3_2u-2j;-2u)- 

0<u+v+w<^ 



1 



v+l+2u2v2w„p-3-2u-2v-2w 
"1 "2 "3 '^4 5 



/i4(oi, 02, 03, 04) := ^2 ^u\+u^l^w\-l-2u-2v-2w- 



1 

1 

U,V,WS:Z 



0<u+v+w<B^ 



p+2u 2v 2w p-2-2u—2v—2w 
^1 ^2 ^3 ^4 ) 

,02,03,04): — ^ ] AuAi_)_uA^A^Ap_i_2u— 2ti— 2ui' 

\+2u2v2w2p-3-2u-2v-2w 
"1 "2 "3 ^^4 ' 



/i6(ai, 02, as, 04) := ^i(ai, 02, 03, 04) - ^4(01, 02, 03, 04), 

where A„i = ^ for any < m < p - 1 and A^ = ^ + ^(J,^), for any p < m < 2p - 1. 

Computing the matrix (a^vw^j (^("^o), 55o))o<j j<6 ^ii'^'^tly' ^^"^ notice that the ma- 
trix has a kind of period property. Then using row ancl column transformations, the determinant 
of (aTyj,VKj(C'(^o))9'6o))o<i j<6 reduced to the product of the determinant of the following 
4x4 matrix 

^ /io(ai, 02, 03, 04) /i4(ai, 02, 03, 04) h4{a2,ai,a3,a4) /i4(a3; «i; ^2, 04) ^ 
2/15(01,02,03,04) -he{ai,a2, 03,04) 2/12(01,02,03,04) 2/12(02,03,01,04) 
2/15(02,01,03,04) 2/12(02,01,03,04) -/i6(o2, 01,03, 04) 2/12(01,03,02,04) 
\^ 2/15(03,01,02,04) 2/12(03,01,02,04) 2/12(03,02,01,04) -/i6(a3, 01,02, 04) J 
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and 

^6(ai, 02, 03, a4)h6{a2, ai, 03, a4)/i6(a3, ai, 02, 04)- 

And let 

(3.5) T(ai,a2,a3,a4) 

denote the result above, i.e., the determinant of [aw^^Wj {C{So), gs„))^^^. ^.^g. 

Then, we multiple the above results and obtain a Hasse polynomial of A (5). And hence 

Theorem 3.3. A Hasse polynomial o/A(/) can be taken as 

hA{ai,a2, as, 04) = hp{A' , l)T(ai, 02, 03, 04), 
where hp{A' , 1) is presented by Formula (3A) and T{ai,a2, as, 04) is given by Formula (3.5). 

Here, r(ai, 02, as, 04) in Theorem 3.3 seems still a little complicated. How to get a 
simple formula of /ip(A)(ai, 02, as, 04), we leave it as an open problem. And for general 
n > 4, we ask how to give an explicit formula for the Hasse polynomial of A(/). 
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